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SPACES 



RUDRA P. SARKAR 

Abstract. The Damek-Ricci spaces are solvable Lie groups and noncompact harmonic manifolds. The 
rank one Riemannian symmetric spaces of noncompact type sits inside it as a thin subclass. In this note 
we establish that for any Damek-Ricci space S, the heat semigroup generated by certain perturbation 
of the Laplacc-Beltrami operator is chaotic on the Lorentz spaces L p,q (S), 2 < p < oo, 1 < q < oo 
and subspace-chaotic on the weak L p -spaces. We show that both the amount of perturbation and the 
range of p are sharp. This generalizes a result in 1181 which proves that under identical conditions, the 
heat semigroup mentioned above is subspace-chaotic on the L p -spaces of the symmetric spaces. 



1. Introduction and statements of the results 

This article is inspired by a recent paper of Ji and Web f |18j) in which the authors considered the 
heat semigroup T t ,t > 0, generated by certain perturbation (which depends on p) of the Laplace- 
Beltrami operator of a Riemannian symmetric space X = G/K of noncompact type. The authors in 
[TB] have shown that T t is chaotic on the subspace of K- invariant functions of L P (G/K) and hence is 
subspace-chaotic on L P (G/K) for 2 < p < oo. This poses a few clear questions: (1) Is T t chaotic on 
the full space LP (G/K) with p in the same range? (2) Is the amount of perturbation required sharp? 
(3) Exactly when or for which function space the chaoticity slips into the subspace-chaoticity? On the 
other hand, a study of [TH] reveals that the parabolic shape of the spectrum of the Laplacian is crucial 
for this non-Euclidean phenomenon, while the p-dependence of the position of the parabolic region 
justifies the p-dependence of the perturbation. This throws some vindication that it might be possible 
to extend these results to the non-symmetric generalization of the rank one Riemannian symmetric 
spaces of noncompact type, namely the Damek-Ricci spaces (which arc also known as Harmonic N A or 
AN groups). We shall address these questions. (See the statements below.) We need some preparation 
before stating the results. 

The Damek-Ricci (DR) spaces are solvable Lie groups as well as harmonic manifolds, but very rarely 
they are symmetric spaces. Indeed a general DR space appears as a counter example to the Lichncrowicz 
conjecture (see [51 UOj). citing that there are noncompact harmonic manifolds which are not symmetric 
spaces. However the rank one Riemannian symmetric spaces of noncompact type form a very thin 
subclass in the set of DR spaces (see [2]). It is well known that such a symmetric space X is realized 
as a quotient space G/K where G is a connected noncompact semisimplc Lie group with finite centre 
and if is a maximal compact subgroup of G. Thus G (as well as K) has natural left action on X and 
functions on X can be realized as right if-invariant functions of G. One can thus use the full semisimplc 
machinery and in particular the method of decomposing a function in if-types to tackle the questions on 
the function spaces of X. The lack of rotation group in a general DR space is an important difference, 
which offers fresh difficulties. We note in this context that the concept of radiality in a general DR 
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space is not connected with the group action, which is in contrast with that of the symmetric spaces 
where a radial function is simply a if -invariant function. 

We need the following definitions to proceed: A strongly continuous semigroup on a Banach space B is 
a map T from [0, oo) to the space of all bounded linear operators from B to B, such that T(0) =Tq = I, 
the identity operator on B; for all t, s > 0, T t+S = T t T s and for all xo <G B, \\T t x — x \\ — > 0, as t — > 0. 
The infinitesimal generator A of a strongly continuous semigroup T is defined by A x = lim^o \ (Tt— J) x, 
whenever the limit exists and we write T t = e*" 4 . 

(i) A semigroup of operators T t ,t > on a Banach space B is hypercyclic if there exists a u G £> 
such that {T t t; | i > 0} is dense in B. 

(ii) A point v € B is periodic for T t , if there exists a i > such that T t w = v. 

(hi) The semigroup T t is chaotic if it is hypercyclic and if its periodic points make a dense set in B. 
(iv) The semigroup T t is sub space- chaotic if there is a closed T t -invariant subspace V ^ {0} of £> 
such that T t \v is chaotic on V. 

We have followed [18] where chaos is defined in the sense of Devaney (see [H]). For a comprehensive 
exposition we refer to Henceforth S will denote a Damek-Rlcci (DR) space. When a DR space 

is a rank one Riemannian symmetric space, we shall denote it by G/K. Let —A be the Laplace- 
Bcltrami operator on S. Throughout this article we shall use the notation c p for 4p 2 /pp' where p > 1, 
p' = p/(p— 1) and p = Q/2, Q being the homogenous dimension of S (see section 3). If the DR space 
is a symmetric space then p coincides with the half-sum of positive roots, considered as a scaler. We 
shall assume that c,^ = 0. 

Purpose of this note is to establish that for any DR space S, the heat semigroup T t = e~( A ~ c )' with 
c > c p , is chaotic on the Lorentz spaces L p,q (S), 2 < p < oo, 1 < q < oo and subspace-chaotic on the 
weak L p -spaces when 2 < p < oo. We show that both the range of p and the amount of perturbation c 
are sharp. This generalizes one of the main results in |18j which proves that T t under identical condition 
is subspace-chaotic on the L p -spaces of the symmetric spaces. We recall that the Lorentz spaces are 
finer subdivisions of the Lebesgue spaces. Apart from the chaoticity to non-chaoticity, the use of 
Lorentz spaces locates another point of degeneracy, where chaoticity changes to subspace-chaoticity. 
This conforms the paradigm that the subspace-chaoticity is more stable than chaoticity, as the results 
assert that T t is at least subspace-chaotic on L p,q (S) for any 1 < q < oo if and only if p > 2 and c > c p . 
Our main results are the following. (See section 2 for any unexplained notation.) 

Theorem A. For t > and c e M, let T t = e - t( - A ~ c \ Then, 

(i) for 2 < p < oo, 1 < q < oo, T t is chaotic on L p,q (S) if and only if c > c p ; 

(ii) for 2 < p < oo, T t is not chaotic on L P '°°(S) for any c6l, but subspace-chaotic if and only if 

c ^> Cp , 

(iii) for 2 < p < oo, 1 < q < oo, T t is not hypercyclic and not subspace-chaotic on L p ' q (S) and on 
L°°(S) ifc<cp. 

Note that (ii) includes the space L°°(S) = L 00 '°°(S). Part (iii) emphasizes the drastic changes caused 
by the amount of perturbation c. The next theorem establishes the sharpness of the condition p > 2. 

Theorem B. For t > and eel, let T t = e~^ A - c \ 

(i) For 1 < q < oo, T t is not chaotic or subspace-chaotic on L 2 ' q (S). If c < p 2 then T t is not 
hypercyclic on L 2,q (S). 
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(ii) The semigroup Tt is not hypercyclic (hence not chaotic) and not sub space- chaotic on the spaces 
L l {S), L 2 > l (S) and L p ' q (S), with 1< p < 2, 1 < q < oo. 

Proving the theorems only for the rank one symmetric spaces (which we recall, form a very small 
subclass of all DR spaces) would be some what simpler as there one can use the compact boundary of 
the space. Here instead our argument is based on the noncompact boundary. The paper is organized 
as follows. The general preliminaries, definitions and results related to chaos are given section 2. In 
section 3 we give the basic introduction to DR spaces and arrange an array of tools required for the 
proofs. In section 4 we prove the results stated above. Finally in section 5 we discuss existence of 
periodic points of the operator T t in various function spaces. 

2. Notation and Preliminaries 

2.1. Generalities. For any p e [1, oo), let p' = p/(p - 1) and 7 p = (2/p- 1). The letters E, Q and C 
denote respectively the set of real numbers, rational numbers and complex numbers. For z £ C, 3tz and 

denote respectively the real and imaginary parts of z. For a set A in a measure space, \A\ denotes 
the measure of A and for a set S in a topological space, 5° denotes its interior. The letters C, C\, Ci 
etc. will be used for positive constants, whose value may change from one line to another. Occasionally 
the constants will be suffixed to show their dependencies on important parameters. 

2.2. Lorentz spaces. We shall briefly introduce the Lorentz spaces (see [TBI IM H3] for details). Let 
(M, m) be a cr-finite nonatomic measure space, / : M — > C be a measurable function and p £ [l,oo), 
q € [1, oo]. We define 

ii/ii;,«= 

[sup t>0 tdf(t) 1 < p if q = co, 

where for a > 0, df(a) = \{x | f(x) > a}\ is the distribution function of /. We take L p ' q (M) to be 
the set of all measurable f : M — > C such that \\f\\* iq < oo. For 1 < p < oo, L P > P (M) = L P (M) and 
II ' Wpp = II ' lip- We note that the Lorentz "norm" || • ||* is actually a quasi-norm which makes the 
space L p ' q (M) a quasi Banach space (see [TOJ p. 50]). However for 1 < p < oo, there is an equivalent 
norm || • || p g through which it is a Banach space (see [MJ Theorems 3.21, 3.22]). We shall slur over this 
difference, use the notation || • \\ Pi g and consider L p,q (S) a Banach space with this norm whenever p > 1 
and we shall not deal with L 1,9 spaces where q is other than 1. The spaces L P '°°(M) are known as the 
weak L p -spaces. Thus weak L°° space is same as the L°° space. Following properties of the Lorentz 
spaces will be required (see [H]). Henceforth for a Banach space B, its dual space will be denoted by 
B*. 

(i) Simple functions are dense in L p ' q (M), 1 < p < oo, 1 < q < oo, but not in L P '°°(M), L°°{M). 

(ii) Unlike L p < q (M) with q < oo, L P -°°(M) and L°°(M) arc not separable. 

(hi) If gi < q 2 < oo, then L P >^(M) C L p ' q2 (S) and ||/|| M2 < If <72 < oo then L p > qi (M) is a 

dense subspace of L p ' q2 (S). 
(iv) For 1 <p,q < oo, (L p ' q (M))* = L p '' q '(M); (L P ^{M))* = L P '>°°(M); {L P >°°{M))* = L P '^{M)® 

S where elements of 5* are singular functionals (see [8]) and (L°°(M))* = L P:1 (S) © M where 

M consists of certain finitely additive measures. 
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2.3. Chaos and hypercyclicity. In section 1 we have defined chaos and hypercyclicity. For a detailed 
account we refer to [JS]. (See also the references therein, in particular [U [T2J [TT] ) . Here we shall limit 
ourselves to what is needed to make the article self-contained. Let B be a Banach space and B* be its 
dual space. For a linear operator A on B, let o~ p t(A) be its point spectrum. For a strongly continuous 
semigroup of operators (see section 1) T t ,t > acting on B, let: 

(a) B = {x G B | lim^oo T t x = 0}; 

(b) -Boo be the set of x <G B such that for each e > there exists w £ B and £ > with ||w|| < e 
and 1 1 Tin; — ar|| < e; 

(c) Bpcr be the set of all periodic points in _B. 
Following is a key result proved in [12] . 

Theorem 2.3.1. Let T t denote a strongly continuous semigroup of operators on a separable Banach 
space B. If B^ and Bq are dense in B, then T t is hypercyclic. 

We also have the following necessary conditions (see [THE]) fc> r T t being hypercyclic/chaotic on B: 

Proposition 2.3.2. Let T t ,t > be a semigroup of operators generated by A in a Banach space B. 

(i) If Tt is chaotic on B then the intersection of the point spectrum of A with iM. is infinite. 

(ii) IfT t is hypercyclic on B then for the adjoint operator A* of A on the dual space B* , a p t(A*) = 0. 
(hi) If T t is hypercyclic on B then for any G B* , (f> ^ the orbit {T^<j) \ t > 0} is unbounded. 

Remark 2.3.3. It is clear that these conditions above can actually detect when T t is not even subspace- 
chaotic on a Banach space B. Precisely, if a pt (A) n iR is finite or a pt (A*) ^ or there exists nonzero 
4> G B* such that {T*(j> | t > 0} is bounded then T t is not only non-chaotic, it is non-subspace-chaotic 
on B. 

3. Damek-Ricci Spaces 

To make the article self-contained we shall briefly introduce the DR spaces in this section. Details 
can be retrieved from [3] [5] [231 [H] . Along the way, we shall also prepare all technical tools required to 
prove the main theorems. While most of these are known to the experts, it may not be available in this 
form. In particular Lemma |3.2. H is new. 

3.1. DR Spaces. Let rt = © 3 be a iJ-type Lie algebra where and 3 are vector spaces over R of 
dimensions m and I respectively. Indeed 3 is the centre of n and is its ortho-complement with respect 
to the inner product of rt. Then we know that m is even. The group law of N = exp n is given by 

(X, Y).(X', Y') = {{X + X', Y + Y' + -[X, X'}) leo^q. 

We shall identify 0, 3 and TV with R m , R l and R m x R l respectively. The group A = {a t = e* | t G M} acts 
on N by nonisotropic dilation: S t {X, Y) = (e t / 2 X, e*Y). Let S = NA = {(X, Y, a t ) \ {X, Y) eN,teR} 
be the semidirect product of N and A under the action above. The group law of S becomes: 

(X, Y, a t )(X>, Y', a.) - (X + a t/2 X', Y + a t Y' + ^-[X, X'],a t+S ). 

It then follows that 5t(X,Y) = atna-t, where n = (X,Y). The Lie group S is solvable, connected and 
simply connected with Lie algebra s = V © 3 © R and is nonunimodular. The homogenous dimension of 
S is Q = m/2 + 1. For convenience we shall also use the notation p = Q/2. We note that p corresponds 
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to the half-sum of positive roots when S = G/K, a rank one symmetric space of noncompact type. The 
group S is equipped with the left-invariant Ricmannian metric d induced by 

((X, Z, £), (X 1 , Z', t 1 )) = (X, X 1 ) + (Z, Z') + l£ 

on s. The associated left invariant Haar measure dx on S is given by 

(3.1.1) / f(x)dx = / f(na t )e~ Qt dtdn, 

JS JNxA 

where dn(X,Y) = dX dY and dX,dY,dt are Lebesgue measures on D, 3 and R respectively. For an 
element x = na t <G S, we shall use the notation A(x) = t. We denote the Laplace-Beltrami operator 
associated to this Riemannian structure by —A. 
The group S can also be realized as the unit ball 

B(s) = {(X,Z,£)es \ \X\ 2 + \Z\ 2 + £ 2 < 1} 

via a Cayley transform C : S — > B(s) (see [2j p. 646-647] for details). For an element x € S 7 let 

|*| = d(C(x), 0) = d(x, e) = log l + H^I' 

1 - ||C(a;)|| 

where e is the identity element of S. In particular d(a t , e) = \t\, 

A function / on S is called radial if for all x,y £ S, f(x) = f(y) if d{x, e) = d(y, e). For a function 
space C(S) on S we denote its subspacc of radial functions by £(S') # . For a suitable function / on S 
its radialization IZf is dchned as 



(3.1.2) Kf(x) = / f{y)da v {y), 

where u = \x\ and da v is the surface measure induced by the left invariant Ricmannian metric on the 
geodesic sphere S v = {y G S | d(y,e) = v) normalized by J s da u (y) = 1. It is clear that IZf is a radial 
function and if / is radial then IZf = f. We recall the following properties of the operator 1Z (see [HI 13]): 

(1) (IZfaip) = (4>,TZip) = (TZ(p,TZtp) for all 0,^ € C c °°(5); 

(2) TZ(Af) - A(TZf). 

Since \lZf \ < lZ\f \ and by (1) above, J s f(x)dx = f s lZf(x)dx, we have ||7£/||i < ||/||i- Interpolating 
( |241 p. 197]) with the trivial L°°-boundedness of 1Z we have, 

\\Kf\\p,q < ||/||p,9, K P < 00, 1 < q < 00. 
For two measurable functions / and g on S we define their convolution as (see [151 p. 51]): 

f*9(x)= I f(y)g(y- 1 x)dy^ f f(xy- 1 )g(y)e QA ^dy 



where e~Q A ^ is the modular function of S. For a measurable function g on S let g*(x) = g(x~ 1 ). If g 
is radial then g* — g as d(x, e) = d(x _1 , e). It is easy to see that for measurable functions /, g, h on S, 
(/ * g, h) = (f,h* g*) if both sides make sense. 

The Poisson kernel V : S x N — > R is defined by V{na tl n\) = p af (n^ 1 n) where 

(3.1.3) p at (n) = p at (V,Z) = Ca? (^a t + ^pj +\Z\ 2 ^j ,n=(V,Z)eN. 

In particular 

(3-1.4) Pl (n) = Pao (n) = C[(l + ^) 2 + \Z\ 2 ]^ . 
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The value of C is adjusted so that J N pi(n)dn = 1 (see [3 (2.6)]). We note that pa t (n) = pa t (n : ) = 
pi(a^ t na t )e~'^ t = p 1 (S_ t (n))e~'^ t . The complex power of Poisson kernel Vx is defined by 

Vx(x,n) = V(x,n)^-%. 

Then for each fixed n 6 N, AVxix, n) = (A 2 + p 2 )V\(x, n). The Poisson transform of a function F on 
N is defined as (see [5]) 

y x F(x)= [ F(n)T x (x,n)dn. 

JN 

It follows that Aty\F = (A 2 + p 2 )^\F. For A £ C, the elementary spherical function <j>\ is given by 
4>\{x)= / V\(x,n)V-\(e,n)dn = / V-\{x,n)V\{e,ri)dn. 

JN JN 

and we have (see [3l Prop 4.2]), 

(3.1.5) M x ~ 1 v) = [ Vx{x : n)V-x{y,n)dn. 

JN 

It follows that (j>x is a radial eigenfunction of A with eigenvalue (A 2 + p 2 ) satisfying <j>\(x) = 
(f>-x{x),4>x{x) = 4>x{x~ l ), 4>-i P = 1 and <j>\(e) = 1. We have the following asymptotic estimate of 
<!>x (see 0): 

(3.1.6) \<f> a+i7pP (x)\ x e-^'JI*!, aeR,0< P <2. 

The estimate above degenerates when p = 2, i.e. when 7 P = and in this case we have 4>o(x) x 
(1 + |x|)e _p ' :r '. If A € R, A ^ and t > 1 then the Harish-Chandra series for tfix implies, 

(3.1.7) 4>x{a t ) = e- pt [c(\)e iXt +c(~\)e- lXt + E(\,t)}, where \E(X,t)\ < Cxe~ 2t , 

where c(A) is the Harish-Chandra c-function. See [T71 (3.11)]) for a proof of the above for the symmetric 
spaces. The proof works mutatis mutandis for general Damek-Ricci spaces. Let Cq(S) be the space 
of continuous functions vanishing at infinity with supremum norm. Then Cq(S) is a separable Banach 
space and a non-dense subspace of L°°(S). For p > 1, let 

Sp = S p > = {z €C \ |9fc| < | 7p |p}. 

Let S° and dS p respectively be the interior and the boundary of the strip S p . We recall that (see 
HHH): 

(a) (f>x G L°°(S) if and only if A e Si] 

(b) <fix G C (5) if and only if A G Sf; 

(c) for 1 < p < 2, 1 < q < oo, <K G L^'' 9 ^) if and only if A G S°; 

(d) for 1< p < 2, A G LP''°°(S) if and only if A g 5 P ; 
(c) for A e ^2 = K, A e L 2 ^°°(S') if and only if A ^ 0; 
(f) for A G 5 2 = K, A £ L 2 ^(S") for any g < oo. 

The spherical Fourier transform of a function / is defined by /(A) = f s f(x)4>x(x)dx whenever the 
integral converges. The estimates of <f>\ given above determines the domain of the spherical Fourier 
transform of functions in different Lebesgue and Lorentz spaces. Indeed, 

(a) For / G L 1 (S'), / extends as an analytic function on which is continuous on its boundary; 
for a complex measure fi on S, p{\) = J 4>x(x)dp(x) behaves the same way; 

(b) for / G L p ' q (S), with 1 < p < 2 and 1 < q < oo, / extends as an analytic function on S°; 

(c) for / G L p,1 (S'), with 1 < p < 2, / extends as an analytic function on S° which is continuous 
on its boundary; 
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(d) for / G L 2 ' l {S), f is continuous on nonzero real numbers. 
For a measurable function f on S following [3] we define its (Helgason-type) Fourier transform by 

/(A,n)= / f(x)V\{x,n)dx, 
Js 

whenever the integral converges. If g is radial then, / * g(X, n) = /(A, n)g(X) whenever both sides make 
sense. 

For / G L p ' q (S),l < p < 2,1 < q < oo (respectively / G ^(S)), A n- f(\,ri) is a holomorphic 
function on S° (respectively on 5°) for every fixed n G Ni where N\ is a subset of N of full measure 
(see [23] Theorem 3.4, Theorem 5.4]). The argument in [23] also shows that if [i is a (bounded) complex 
measure on S 1 , then /I(A, n) is a holomorphic function on S% for every fixed n G iVi for A^i as above. The 
inversion formula is the following (see [13]). We recall that | c( A) | 2 is the Harish-Chandra Plancherel 
measure. 

Proposition 3.1.1. Let f G LP>i(S), p G (1, 2), q > 1 or f G L 1 (S') U L 2 (S). If f G L 1 ^ x 
R, |c(A)| -2 dXdn), then for almost every x E S 

f(x)=C [ f(\,n)V- X {x,n)\c(\)\- 2 d\dn. 

Jnxm. 

If / is radial then /(A, n) = f(X)V\(e, n) and the inversion formula reduces to 

(3.1.8) f{x) = C [ /(A)0 A ( a; )|c(A)r 2 dA. 

Jm 

We have the following estimate of the Fourier transform vis-a-vis the Poisson transform (see [T51 
Theorem 1.1]) which will be used in the proof Theorem \X\ For p > 2, p' < r < p, a £ M. and 

/ G Lp''°°(S), 

(3-1.9) \\f(a + HrP,-)\\Lr( N) <C\\f\\ p , i00 

which by duality is equivalent to (for any F G L r (N)), 

(3-1.10) Wa + i 7TP F\\ p ,i<C\\F\\ Lr/(N) . 

We conclude this subsection defining the Harish-Chandra Schwartz spaces on S. For 1 < p < 2, the 
L p -Schwartz space C P (S) is defined (see [HE]) as the set of C°°-functions on S such that 

lr , D (f) = sup \Df(x)\<f>- 2/p (l + \x\) r < oo, 

x£S 

for all nonnegative integers r and left invariant differential operators D on S. We recall that (see [2"0] ]1 
for 1 < p < 2, C* p (5) is dense in ^(S) and hence in L p ' q (S) for 1 < q < oo, but not in LP'°°(S). 

3.2. Herz's criterion. Let /x be a nonnegative radial finite measure. We consider the right convolution 
operator T M denned on the measurable functions on S by : f t— > f * fi, whenever it makes sense. We 
have the following Herz's criterion for the Lorentz spaces. In [U Theorem 3.3]) (see also [B],[7] Theorem 
3.2], [IH1 Proposition 4.1]) a more general result is obtained for the Lebesgue spaces on S. 

Lemma 3.2.1. Let 1 < p < oo,l < q < oo be fixed. If a nonnegative radial measure p satisfies 
Js ^ifppi^dpix) < oo, then is a bounded operator from L p,q (S) to itself and the operator norm of 
satisfies ||T m || L p, 9 ^ L p,<, < J s <f) llpP (x)dp J {x). 
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Proof. For x € S, we define (R p (x)f)(y) = e Q/p a ( x > f(yx) where for x = nat, A(x) = t. We shall show 
that ||i?p(x)/|j Pi(? = ||/|| p , g for any fixed ieS. Indeed for any a > 0, 

d Rp{x)f (a) = \{yeS\\(R p (x)f)(y)\>a}\ 
= \{yeS\\f(yx)\>ae^ A ^}\ 
= \{yx € S | |/(ya>)| > ae Q ' pA{ - x) }\e QA{ - x) 

Therefore if q < oo then, 

\\Rp(x)f\\ q P , q = C / a«- l d Rp(x)f {aylvda 
Jo 

poo 

= C a q - 1 [d f (ae Q/pA{x) }" /p e QqA(x ^ p da 



C / {ae Q/pA{x) ) q -\d f {ae Q/pA(x) )) q/p d{ae Q/pA(x) ) 



and if q = oo then, 



sup ad Rp{x)f (a) 1/p 



a>0 



supae Q ^ A ^d f (ae Q / pA ^) 1 ^ 



a>0 



S uppd f (py/ p = \\f\\ p>c 



P>0 



We note that T^(/)(y) = f s f{yz- 1 )e ( ^ A ^dpi{z). For / <= L M (S), 5 e U>'^(S) (taking q' = I when 
</ = oo) we have, 



= / / * fj,(y)g(y)dy 
Js 

' ' f(yz- 1 )e^d f x(z)g(y)dy 
e Qlp ' A(z) ( K J s (R P {z- l )f){ y )g(y)dy^ dfi(z) 
< I e^ p ' A ^d^z)\\f\\ p Jg\\ p ,. ql . 



We have used the fact that A(z x ) = — A(z) in one of the steps above. Since [i is radial and 
ft( e Q/p'A(-)) = ( see 311 ]) we have ( see rjgj p 70 ]) ; 

||T M || LP , g _ LP , 9 < / e Q / p ' A ^d/i(z) = / 47pP (z)d/i(z) = £(*7 P p)- □ 



Through similar steps one can also show that if a nonnegative radial measure \x satisfies J s d[i{x) < oo, 
then 

II^Hli-vli < / dfi(x) and ||r A1 || L oo^ £ =c < / d/j,(x). 
Js Js 
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3.3. Spectrum of A. We recall that for p > 1, 7 P = (2/p — 1) and S p = S p > = {z G C | \$sz\ < |7 P |p}. 
Under the map A : z > z 2 + p 2 , S p is mapped to a parabolic region in the complex plane which we 
shall denote by P p . Precisely P p = A(S P ). We note that P p = P p > and if p = 2 then S p = M. and the 
Parabolic region reduces to the ray [p 2 ,oo). For p ^ 2, let 5*° and P° be the interiors of S p and P p 
respectively. We enlist here some information related to the spectrum of A which will be useful for 
proving our main results. 

Suppose that a nonzero measurable function u satisfies Au = (A 2 + p 2 )u for some A G C. We assume 
that for a point xq G S, u(xq) ^ 0. Let £ x f be the left translation of a function / by x G S. Since 
A commutes with the radialization operator and translations, lZ(£ Xo u) is a radial eigenfunction with 
the same eigenvalue A 2 + p 2 . Hence TZ(£ Xo u) = C4>\ (see [2J 2.5]). As lZ(£ Xo u)(e) = £ Xa u(e) = u(xq) 
and 4>\(e) = 1 we have Tt,(£ XQ u) = u(xq)4>\. Thus from the L p ' 9 -properties of <f>\ given above one can 
determine the L p ' 9 -point spectrum of A. Precisely, 

(i) if 2 < p < oo,l < q < oo, then P° (respectively P p ) is the L p ' 9 -point spectrum (respectively 
the L p '°°-point spectrum); 

(ii) Pi is the L°°-point spectrum and Pf is the Co-point spectrum; 

(iii) for 1 < p < 2,1 < q < oo, the L p ' 9 -point spectrum and the LUpoint spectrum are empty; 

(iv) (p 2 ,oo) is the L 2 '°°-point spectrum; 

(v) for 1 < q < oo, the L 2,9 -point spectrum is empty. 

It is known that for 1 < p < oo, the I/ p -spectrum of A is P p (see [U Cor. 4.18], see also [Tl [2T1 [2T5] ). 
We restrict to the range {1 < p < 2} U {2 < p < oo} and take a A G C \ P p . Then we can choose 
Pi , pi satisfying 1 < pi < p < P2 < 2 or 2 < p\ < p < pi so that A ^ P Pl U P P2 . Therefore A is in 
the L Pl -rcsolvent set as well as in the L P2 -resolvent set of A. Using interpolation ([5U p. 197]) we 
conclude that A is in the i p,9 -resolvent set of A for any 1 < q < oo. Thus for 1 < p < oo with p ^ 2 
and 1 < q < oo, the L p,9 -spectrum of A is a subset of P p . In particular the L p ' °° -spectrum of A is 
P p which is also the L p '°°-point spectrum when p > 2 as mentioned above. We conclude, noting that 
for an operator A on a Banach space B, the spectrum of T t = e~ At is not necessarily in one-to-one 
correspondence with the spectrum of A. (See [12]). 

3.4. Heat kernel and the semigroup T t . Let h t be the heat kernel which is defined as a radial 
function in the Harish-Chandra Schwartz space C P (S), 1 < p < 2, by prescribing its spherical Fourier 
transform h t (X) = e^t^+P 2 ) for all A G C (HJ (5.4), (5.5)]). For any c G R and T t = e^ A ~ c \ 
T t f = e ct e~ tA f = e ct f * h t for any suitable function /. We recall (see [3J 5.50]) that the heat maximal 
operator on 5, Mf(x) = sup t>0 |e _tA /(x)| is weak type L 1 — L 1 and strong type L°° — L°° and hence 
by interpolation ([211 p. 197]), it is strong type L p ' q — L p,q for 1 < p < oo, 1 < q < oo. From the fact 
that / * h t {x) — > f(x) in C P (S) and that C P (S) is dense in L p ' q (S), the standard method of maximal 
function yields / * ht f in L p,q (S) as t — > 0. From this it is easy to see that ||T t / — — > as 
t — > for any / G L p,q (S). That is T t is a strongly continuous semigroup on L p ' q {S). It is easy to verify 
that T t is strongly continuous on Co (5). It is known that f * h t does not converge to / in L°° and the 
same is true for the weak-L p spaces. 

4. Proof of Theorem A and Theorem B 

proof of Theorem\^\ (i) It suffices to show that T t is chaotic on L p ' 1 (5'), since for 1 < q < oo, 
is a dense subspace of L p,q (S). For this proof B = L p,1 (5'). 
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From the description of P p (see section 3.3) and the condition c > c p , the following conclusions are 
immediate: tt p = {P° - c) n {z | 3z > 0}, il+ = n. p n {z G C | 5Rz > 0} and ft p = fi p n {z G C | 5Rz < 0} 
are connected non-empty open sets ; Q p intersects iK in a nondegenerate line segment. For z G Ct p we 
define the map T(z) = \J z — p 2 + c taking an analytic branch. Then T(z) G S° and r : Q, p — > S° is 
holomorphic. Hence r(f2l") and r(0~) are connected and (by the open mapping theorem) open sets in 
S p . 

Since for z G Q p , T(z) 6 S°, we have T(z) = a + iy r p for a G R and for some r satisfying p' < r < p. 
Thus every z6Sl p determines an unique r = r(z) G (p',p), precisely by r = r(z) = 2p(3F(z) + p) . 
We define, 

^1 = Wr(»)-F | z G G L r '(-^), where r = r(z)}. 

By (|3.1.10|) . Ui C L P>1 (S), since r = r(z). It is also clear (see section 3) that elements of JJ\ satisfy 
(A - c)y r{z) F = z^ r{z} F and hence T t <p r(z) F = e- tzs $ r(z) F. The condition 5Rz > ensures that 
T t ijj — > as t —> oo for any ^ G U\. Thus C/i C Bq. Since i?o is a vector space span(C/ 1 ) c -Bo- 

We assume that a function / G L p '°°(S) annihilates U\. We fix a z G £l p and consider the cor- 
responding elements tyr(z)F 01 U±. Then by our assumption J s f{x)?$Y{z)F{ x )dx = 0. This im- 
plies that J N f(a + i^f r p,n)F(n)dn = where T(z) — a + ij r p, T = r(z). Noting that by (|3.1.9[) . 
n i — ^ f(a + i~/ r p,n) is in L r (N), and as F is an arbitrary function in L r (N) (where r = r(z)), we 
conclude that f(a + ij r p, ■) = 0. In this way we can show that for any A G r(f2+), /(A, •) = 0. Recalling 
that for almost every fixed n, A i— > /(A, n) is a holomorphic function on S°, and that r(f2+) is an open 
set, we conclude that /(A, n) = for all A G S° and for almost every n G N. By (|3.1.ip this implies 
that / = 0. This shows that span(?7i) and hence B is dense in L P ' 1 (S). 

Next we define: 

U 2 = {¥r(z)F \zeQ-,Fe L r '(N) where r = r(z)} and 

Us = {^r(z)F | z G n p niQ,F G L r '(7V) where r = r(z)}. 

Like Ui, the sets [/2 and U3 are also subsets of L P:1 (S) and the elements of U2 and L/3 satisfy T t *p r ( z )F = 
e -tz ^Pr(z)^- Let {v Zl , v Z2 , . . . , v Zn } be a finite subcollection of elements of U2 with (A — c) t> Zk — ZkV Zk . 
We take a C-linear combination of these elements of U2 ■ 

n / n \ 

.9 = akVz « = T t[^2a k e Zkt v Zk J . 
fe=i \fe=i / 

Since SRz/j < 0, for any e > we have a suitable i > 0, w — X)fc=i a kS Zkt v Zk satisfies ||u>||p,i < e and 
it is clear that \\T t w — g\\ p .i < s. This shows that span([/ 2 ) C B^. Once we note that r(f2~ ) is open, 
the denseness of U2 follows through the same argument used for showing denseness of U\. Thus B^ is 
dense. 

Finally it is clear that span(£/3) C Bp CI . Noting that the set £l p n iQ has limit points we can apply 
again almost a similar argument applied for U\ and U2 to show that spaniU^) is dense. This proves the 
assertion. 

To prove the converse, we notice that if c < c p then (P p — c) PI iM. has at most one point. Therefore 
by Proposition 12. 3. 2l (i). T t is not chaotic in this case. 

(ii) Since T t is not strongly continuous on L°°(S') and on L P,CC (S), it is easy to see that T t cannot 
be hypercyclic and hence not chaotic on these spaces. Since c > c p , by (i) above, T t is chaotic on L P (S) 
which is a subspace of L p,oc (S). Therefore T t is subspace-chaotic on L p oo (S) when c > c p . 
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We shall show that if c > Coo = 0, then Tt is chaotic on Co{S) which is a subspace of L°°(S). For this 
proof B = Cq(S). We fix a c > and define the sets, ^2+ and putting p = oo in the definition 
of Q p given in (i) . Then fioo is a connected open set which intersects iM. in a nondegenerate line segment 
and r(r2oo) C S°, where the function T is as defined in (i). It is clear that for z G tloo, ip(z) = 4>v(z) 
(the elementary spherical function <f>\,\ = T(z)) is an eigenfunction of A — c with eigenvalue z and 
ifj(z) G Co (5) (see section 3). 

Let V\ = {£ y {ip(z)){x) | z G ^toiV "= where £ y is the left translation; £ y (tp(z))(x) = 

4> ^ 2+c (y~ 1 x). Then £ y (tp(z))(x) is also an eigenfunction of A — c with the same eigenvalue z 
and T t £ y (ip(z))(x) = e- zt £ y (ip{z)){x). Since 5iz > 0, it follows that T t £ y (^(z))(x) -> as t -> oo. 
Therefore Vi C £>o- Since £> is a vector space we have span(Vi) C B . We recall that (Cq(S))* is 
the set of complex measures. If a nonzero measure fj. £ (Co(S'))* annihilates span(Vi), then for every 
z G f2+,, /i * 0r(z) = 0. In other words for every A G r(f2+), // * <fi\ = 0. Noting that for any fixed 
y G 5, A M> /i * <P\(y) is an analytic function on ,5° and that r(f2+,) is an open set we conclude that 
<fi\(y) = for all A G Si and for all y G S 1 . This implies that = 0. Hence span Vi as well as is 
dense in Cq(S). 

We define V 2 = {£ y (ip{z))(x) \ z G O" ,</ G 5} and V 3 = {^(^(«))(x) | z G ft^ n iQ,y G 5}. 
Again the elements £ y (ip(z))(x) of V2 and V3 are eigenfunctions of A — c with eigenvalue z. Argument 
analogous to (i) now shows that spanV2 C -Boo and spanVJj C Bp CI . Finally the denseness of B^ and 
J3p er in Co(S) will follow through the argument used above to show denseness of span V\. We omit the 
details to avoid repetition. 

Argument for the converse statement is also same as that of (i). (See Remark |2. 3. 31 ) 

(iii) First we deal with the case 2 < p < 00 and 1 < q < 00. To show that T t is not hypercyclic we 
take a nonzero cj> G L p '> q '(S). We claim that {T t *0 | t > 0} is a bounded set in L p ' q ' ' (S). We note that 
T*(f> = T t (j> = <j)* pt where p t = e ct h t . From Lemma [3.2.11 we see that ||T t *</>||p/ i( j' < Pt(i7pP)\\<l>\\p',q' = 
e ( c - c p)t||^)|| p/ , As c < c p the claim is established. Therefore by Proposition 12.3.21 (iii), T t is not 
hypercylic on L p ' q (S). 

For the case 2 < p < 00 and q = 00, we take </> G L P '^{S). Then (j> G (L P >°°)*(S). By Lemma[3XH 
||T*^|| P%1 = ||T^|| p ,,i < e^-^ll^ll^,!. Then 

|Mt9>||(ip.«>(sr))« = sup -jj— jj < jj— = \\(j)\\p',i. 

Rest of the argument is same as the previous case. The case of L°°(S) can be treated analogously, 
taking <f> G i 1 (S) C (L°°(S))*. From Remark 12.3.31 it is clear that T t cannot be subspace-chaotic on 
these spaces. □ 



proof of Theorem\^ (i) Once we notice that for 1 < q < 00, the L 2 ' '-spectrum of A — c is either empty 
or lies entirely on K, it follows from Proposition 12.3.21 (i) that T t is not chaotic or subspace-chaotic. 

For the last part of (i), the argument is similar to what is used for the proof of Theorem [Al (iii). We 
can show that for a nonzero function <j) G L 2 > q '(S), \\T* <f)\\ 2 , q ' < e (c - p2)t ||0|| 2 , 9 '. Similarly for a nonzero 
function <fi G L 2,1 (S), \\T^(j)\\^ L 2, x ^y < e( c-p2 ' t ||0|j2,i. Proposition ^. 3.2l (iii) now proves the assertion 
as c < p 2 . 

(ii) To establish the non-hypercyclicity, (in view of Proposition [2~3. 21 (ii)) it suffices to show that the 
point spectrum of (A — c)* = (A — c) is nonempty on the dual spaces of these spaces, which is indeed 
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the case as: <j>x G L 2 '°°(S) for any nonzero A E R; ^ € {L p > q (S))* = L p '< q '(S) for AeS° (see section 
3) and 0a G L°°(S) if A £ Si. This also shows that T t is not subspace-chaotic on these spaces. □ 

5. Existence of periodic points of T t 

As in the previous sections let T t = e~ l ( A ~ cS> for £ > 0, where c E R is fixed and for any p > 1, 
c p = Ap 2 /pp' . It is clear that if (A — c)f = for some suitable function /, then T t f = f for all t > 0. 
However from the hypothesis T t f = f for some £ > 0, it does not seem to be straightforward to conclude 
that (A — c)f = (see [T2]). This forces us to go through a round-about argument involving Wiener 
Tauberian theorem (WTT) to prove Proposition 15.1.21 stated below, which is the aim of this section. 
We begin with the following observations. 

(a) For 2 < p < oo and c > c p , T t has periodic points in L P '°°(S). 

(b) For c > p 2 , T t has periodic point on L 2 '°°(S). 

(c) For any c G R, T t has no periodic point in the spaces L 1 ^), L 2 ' r (S) with 1 < r < 2 and LP' 9 (S) 
with l<p<2,l<(7<oo. 

Indeed, the assertion (a) with c > c p is proved in Theorem IA1 (i), (ii) since L p,q (S) C L P '°°(S) and 
£°°.°°(S) = For the case c = c p in (a), we recall that 47pP G L"' 00 ^). It can be verified 

easily that for all £ > 0, T t 4>i lpP = 0i 7pP . In (b) if A G R satisfies A 2 + p 2 = c then A ^ and hence 
(f>\ G L 2 <°°(S) (see section 3). It can be verified that T t <p\ = For (c) we first note that L 2 - r (S) C L 2 
for 1 < r < 2. Therefore it is enough to consider the spaces L 1 (S),L 2 (S) and L p ' q (S) with p, q in the 
given range. We recall that if / is in one of these spaces then its Fourier transform /(A, n) exists as a 
measurable function in A G R for almost every n G N . Therefore if for some £>0, T t f — f = where 
/ is in any of these spaces, then taking Fourier transform we have (e - *( A +p ~ c ) — l)/(A,n) = for 
almost every A G R and almost every n G N. From this and p. 1.11) it follows that / = 0. 

5.1. WTT and its application. Some versions of the WTT for radial (i.e. i^-biinvariant) functions 
in the Lorentz spaces L p ' q (G/K), 1 < p < 2,1 < q < oo and in L 1 (G/if) were established (see 
[2"2l Theorem 6.1, Remark 6.1.1]) for the rank one symmetric spaces. It is not difficult to see that 
exactly the same argument (which uses the result of disk algebra following [SJ Theorem 1.1]), yields the 
corresponding results for the radial functions on DR spaces, which we shall state below. 

We recall that (see [19]) for 1 < p < 2, L P ^(S) * &' l (S)* C L P '\S) and ||/*s|| p ,i < C||/|| P) i||p|| p ,i 
where / G L P,1 (S) and g G L P,1 (S)#. In particular i p,1 (5)^ is a Banach algebra under convolution. 

Proposition 5.1.1. Let 1 < p < 2 be fixed. Suppose that for a radial function f G V' (S) (respectively 
f G L P (S), 1 < p < 2), its spherical Fourier transform f satisfies, 

(i) / extends analytically on = {z G C | \Qz\ < \~f p \ + e} for some e > 0; 

(ii) lim^i^oo /(A) = on S^; 
(hi) for all A G Sp, /(A) ^ 0; 

(iv) for t G R, limsu P | tKoo \f(t)e KeW \ > for all K > 0. 
Then the ideal (respectively the L 1 (S)^ -module) generated by f is dense in i p,1 (5)^ (respectively in 
L p (S)#). 

Following extension is immediate: if a radial function / G L p,1 (iS'),l < p < 2 satisfies conditions 
(i)-(iv), then the left L p ' 1 (S')-module generated by / is dense in L P,1 (S). Let us denote by M the closed 
left L p ' 1 (S')-module generated by / in L P ' 1 (S). It is clear from Proposition EH] that M D L"< l (S)*, 
hence in particular h t G M for all £ > 0. We take any g G L P,1 (S). Then g * ht G M. Since g * h t — > g 
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in L P,1 {S) and M is closed, we have g £ M. The same argument also shows that if a radial function 
/ £ L P (S), 1 < p < 2 satisfies conditions (i)-(iv), then the left L 1 (S')-modulc generated by / in L P (S) 
is dense in L P (S). We shall now apply these results to prove the following. 

Proposition 5.1.2. For p £ (2,oo), q £ [l,oo] and c < c p , T t has no periodic point in L p,q (S). If 
c < = 0, then T t has no periodic point in L°°(S). 

Proof. Since L p ' q (S) C L p,oa (S) for all q, it suffices to show that the assumption Ttf = f for a nonzero 
/ £ L P '°°(S) and a t > 0, leads to a contradiction. Indeed, this assumption implies that e ct f*h t — f = 0. 
Convolving with h t > for some t 1 > 0, we get / * (e ct ht+t> — hy) = 0. Let h = (e ct h t +t' — hp). Then 
h £ L p '^(S), h is radial and / * h = 0. For < e < c, h(X) = e -t'(^+P 2 )( e -t(^+P 2 ~^ _ i) extends 
analytically to Sp and h(X) ^ for all X £ Sp. Indeed, h satisfies conditions (i)-(iv) of Proposition [5TTTT1 
It follows from Proposition 15.1.11 and the subsequent discussion, that the left L p ^-module generated 
by e ct h t+t > — hy is dense in L p > X {S). Since for any gi £ i p '' 1 (S'), (f,gi * h) = (/ * h,g±) = 0, we have 
for any g £ L p '' 1 (6'), (f,g) = 0. This implies that / = 0, since / £ L P '°°(S) = (Lp'^(S))*. For the case 
of L°°(S), we argue the same way and use Proposition 15. 1 . ll for ^(S). □ 
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